Abstract. Using the metric formalism, we study the derivative mixings of spin-2 fields in massive bi-Gravity. Necessary (but not sufficient) criteria are given for such mixings to be ghost free. Examples satisfying those criteria are studied and it is shown that in the decoupling limit they host a ghost.
Introduction
In 1940, N. Rosen published a pair of papers [1, 2] in where he proposed a view on gravitation different from Einstein's General Theory of Relativity. Per Rosen's interpretation, the tensor, g µν , which describes the gravitational field, has no connection with geometry and it propagates on a flat background described by the tensorg 0 µν . By flat we mean that the corresponding Riemann tensor vanishes, R λ µνρ (g 0 ) = 0 1 . One should note that both objects, g µν andg 0 µν , are tensors with respect to the same General Coordinate Transformations (dif f ). It turns out that such a formalism has some advantages and the predictions, in general, coincide with Einstein's General Theory of Relativity (GR). This model is defined by the following action:
This was the very first attempt to create a bi-metric theory of gravity. Flatness ofg 0 µν is a crucial part of this theory, since promotingg 0 µν to a dynamical field would generate a ghost even at the linear level.
The study of the interacting spin-2 fields dates back to 1958, when H. A. Buchdahl [3] studied the interaction between the gravity and higher spin (> 3/2) fields. He argued that these interactions were strongly constrained and precluded any interesting solutions. C. Aragone and S. Deser [4] showed that the inconsistency was caused by the broken dif f invariance. The result was generalized by N. Boulanger et. al. [5] who showed that, "in the massless case, there is no ghost free coupling, with at most 1 The most general parametrization of such a metric can be done asg
Where η ab is the Minkowski metric.
two derivatives of the fields, that can mix different spin-2 fields". In other words, the most general action for massless spin-2 fields is a sum of Einstein-Hilbert terms:
Interactions through the mass term were introduced by C. J. Isham, A. Salam, and J. Strathdee (ISS) [6] , who developed the first theory of massive bi-Gravity by analogy with the Vector Meson Dominance model [7] . By then the correct form of the mass term was not known, so the ISS model hosts the Boulware-Deser (BD) ghost [8] . After the discovery of the ghost free massive gravity [9, 10] , the ISS model was reformulated in [11] and it was shown to be ghost free.
As we already mentioned, in the massless case, the presence of the ghost in the mixing terms is due to the broken diffeomorphism invariance. For the massive case, in order to make this invariance explicit, one needs to introduce the Stückelberg fields in the de Rham-Gabadadze-Tolley (dRGT) [9, 10] potential. We think that these new degrees of freedom might help to avoid the ghost coming from the derivative interactions (≡ kinetic mixings) as well. There were no successful attempts to construct such terms, both in massive gravity and massive bi-Gravity [12] [13] [14] .
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Within this paper, we will work out the necessary (but not sufficient) criteria for the kinetic mixings to be ghost free. Then we will build terms that satisfy those criteria and we'll try to study them using the following examples:
We will show that in the Λ = (m 2 M p ) 1/3 decoupling limit, (1.4) generates both strongly coupled terms and a ghost.
In general, conventions through the paper coincide with those of [16] . To denote the strong coupling scale, we will use Λ = (m 2 M p ) 1/3 instead of usual convention Λ 3 . The objects (Christoffel symbol, Ricci tensor, etc.) with tilde are defined with respect to (wrt) the metricg µν , while those without tilde wrt g µν . Minkowski metric is mostly minus.
Extended Bi-Gravity
The first theory of massive Bi-Gravity, the f Dominance or Tensor Meson Dominance was introduced by C. J. Isham, A. Salam, and J. Strathdee [6] . The idea is based on the Vector Meson Dominance (VMD) model [7, 17] . Within the VMD model the electromagnetic field couples directly to leptons and through a vector meson to hadrons (Fig. 1a) . The VMD model successfully managed to qualitatively explain the hadronic form factors. In a complete analogy with VMD, C. J. Isham et. al. [6] postulated the existence of a new spin-2 massive particle,g µν , that was coupled to the hadrons, while the graviton, g µν , was coupled to leptons (Fig. 1b) . On the Lagrangian level this theory can be expressed as:
The mixing of the fields happens through the mass term, L mass , without which the two worlds do not communicate with each other. Choosing this term properly is a crucial step in the model. The original choice for L mass by C. J. Isham et. al. exhibits the BD ghost. Recently a ghost free form of L mass was found by C. de Rham, G. Gabadadze and A. J. Tolley [9, 10] and this opened new frontiers for massive bi-Gravity. Using the new mass term, to which we will refer as L dRGT , the ISS model was reformulated in [11] and it was shown to be ghost free. The spectrum of this model consists of one massive and one massless spin-2 fields i.e. 7 healthy degrees of freedom (DoF). After including the dRGT mass term we need new DoF to recover the full diffeomorphism invariance, dif f ⊗ dif f , one might expect that these new DoF could help to avoid the ghost coming from the kinetic mixings as well. The following criteria need to be satisfied for the kinetic mixings to be ghost free (h and f are the fluctuations of g and g around Minkowski background respectively):
On the linear level generate (∂h) 2 , (∂f ) 2 and ∂h∂f .
2. Have at least one copy of dif f invariance nonlinearly.
On the linear level have two copies of dif f invariance.
These criteria are necessary but not sufficient for the ghost to be absent. Let's discuss them in more detail. Criterion 1 is obvious since we are building the kinetic mixings. 2 assures that we get a scalar under the diagonal subgroup, diag(dif f ⊗ dif f ), and we can use the same Stückelberg fields to recover the two copies of diffeomorphism invariance, both, in the mass term and in the kinetic mixings. In other words: 2 helps us to avoid new DoF. Criterion 3 guarantees that, up to a field redefinition, on the linear level we get Einstein-Hilbert action, which is unique to avoid Ostrogradski instability. It is easy to find the building blocks of this model. The object that transforms covariantly under dif f and generates terms like (∂h) 2 , (∂f ) 2 on the linear level is the Riemann tensor. In addition to the Riemann tensor we have ∆ ρ µν = Γ ρ µν −Γ ρ µν which transforms covariantly under diag(dif f ⊗ dif f ), so terms like ∂∆ and ∆∆ are also allowed.
3 All we need is to build scalars out of these tensors. There exist infinitely many terms that satisfy these criteria. Here are some of them:
3)
The particular combinations in (2.3),(2.4),(2.5) are chosen in order to satisfy criterion 3. 4 Because these terms are healthy at the linear level and it's possible to recover the nonlinear dif f invariance without introducing new DoF, we think that it is worthy to study their nonlinear effects as well.
We will try to study the new terms by considering the example of (2.2). From now on, our starting point will be the following action:
where the term in the parenthesis in the third line is the usual dRGT mass term with K α β = δ α β − g αλg λβ and for simplicity only one metric is coupled to matter. We will refer to the model defined by (2.6) as Extended Bi-Gravity (EbG) and assume that α = β = 0. To the best of our knowledge this model has not been studied before. 
µν . This is a general version of the formula given in [1] . 4 On the linear level √ −gg
µν , which obviously has two copies of dif f invariance due to the Bianchi identity (G (1) µν andR (2) µν are the linearized Einstein tensor and quadratic Ricci tensor respectively). Same is true for the other terms. 5 In terms of Tetrads
ε abcd e a α e βb f α f β R ∧ e c ∧ e d (e and f are tetrads corresponding to metrics g andg respectively) which are different from those discussed in [14] :
Although they break the dif f ⊗ dif f to the diagonal, the new terms preserve the two copies of Local Lorentz Transformations.
The Linear Theory
Now we'll investigate the linear limit of (2.6) and we'll show that in this limit there are one massive and one massless spin-2 modes, i.e. seven healthy degrees of freedom.
Let's expand the fields around the Minkowski background, with h µν and f µν being the fluctuations of g µν andg µν respectively. Up to quadratic order in fields (2.6) takes the form:
In order for both kinetic terms to have the correct sign, we need to constrain the parameters (κ ≡
After diagonalizing kinetic and mass terms and canonically normalizing the fields, only one mode turns out to be massive. For the final action, we get:
Here we defined the effective mass as m 
Assuming that the source T µν is conserved and imposing the linear de Donder gauge for the b µν , (2.13) reduce to:
14)
For the exchange amplitude between two sources (Fig. 2) we get the sum: 
Decoupling Limit
The full Λ = (m 2 M h ) 1/3 decoupling limit (dl) of (2.6), with parameters α = β = 0 and γ = 1, was studied in [18] . Before I move to general case I'll try to briefly review their results. Neglecting the vector modes the dl bi-Gravity action is:
µν are defined in a fashion similar to X (i)
µν with π → ρ, where ρ(x) is the Galileon field from the point of view of theg metric and is related non-locally to π(x):
Although this definition involves higher derivatives, because of its nonlocal structure, the Ostrogradski ghost is absent. Making the field redefinitions,
we partially unmix the tensor modes from the scalars. After unmixing, the bi-Gravity Action becomes:
We are now going to study the Λ = (m 2 M h ) 1/3 decoupling limit of the theory defined by (2.6). We start by introducing the Stückelberg fields which recover the full diffeomorphism invariance dif f ⊗ dif f . According to the Stückelberg trick we make the following substitutions (choose to Stückelberguiseg µν ):
Now the theory is invariant under the two copies of the diffeomorphisms. Note that we attributed the Greek index to dif f and the Latin index to dif f . The vectors from the dif f and dif f sectors transform respectively as:
After the Stückelberg substitution, the Lagrangian density for the new kinetic terms takes the form:
6 (2.25) Next we define the canonically normalized fields [19] :
and take the following limit:
The parameters α, β, γ are kept constant in the decoupling limit. As we will see these two terms contain parts that become strongly coupled in the (2.27) limit and host the BD ghost as well. The complete decoupling limit for these terms: 
In addition to the f ab , the Ricci tensorR ab =R ab (Φ) also depends on the vector (B a ) and the scalar (π) modes. In fact wrt the scalar mode it's an infinite series. One should also keep in mind that 
The highlighted terms in (2.28) and (2.29) are not total derivatives and become strongly coupled in the limit (2.27 ). This is the first problem encountered within this model. From now on we will forget the existence of strongly coupled terms, since they are irrelevant for the rest of our analysis.
Analysis in the Decoupling Limit
Let's try to prove the existence of the ghost. We first unmix the scalar from the spin-2 modes at the quadratic level. Assuming that at the beginning only h µν is coupled to the source, the linear Lagrangian after the unmixing becomes:
Let's take a static and spherically symmetric source with the following ansatz:
Classical solutions of this theory:
for which we introduce the following notations:
41)
Let's assume that we are inside the source near the wall (r < r * and r ≈ r * ) and study the fluctuation of the scalar field, while freezing the tensors to their classical values:
Corrections to the kinetic term (those that might excite the ghost) coming from the cubic level (Π µν = ∂ µ ∂ ν π):
Note that the 3π vertex is a total derivative. After the derivation of the EoM's we find four time derivatives acting onπ and therefore giving rise to the instability with the mass:
In order for this solution to be valid we need to set three conditions: ❶ Condition for the next order corrections to be small:
By properly choosing a 0 and x it is possible to fulfill both of these conditions. We can get rid of this ghost by setting:
14 (α − β) a 2 − 8 βa 1 κ = 0, (2.55) but this condition is not consistent with (2.50), since in order for both, (2.50) and (2.55) to hold we need α = β (2.56) and this condition goes against our assumptions. At this point one might still think that α = β = 0 might be a solution. Note that the Lagrangian (2.6) without the matter part and dRGT potential is invariant under g ↔g (up to a redefinition of constants). As a consequence of this fact if we go back and Stückelberguise the field g instead ofg, replace g →g in the matter part and run the same analysis the consistency condition (2.56) will be replaced with β = 0.
Conclusions and Discussion
We proposed necessary criteria for derivative mixings of spin-2 fields to be ghost free and studied few examples (2.6). We proved that for any choice of parameters (α, β and γ) the nonlinear model hosts a ghost. The Action (2.6) is not the most general, in fact as we mentioned there exist infinitely many terms that satisfy criteria 1,2 and 3. These infinitely many terms bring infinitely many parameters into the action and this makes it hard to prove the existence of ghost in the general case. Here a 2 ≡g/g, ∇(∇) stands for the covariant derivative wrt g(g), T µν is the Energy momentum tensor for the matter fields and U(Ũ ) are defined as:
